Iterative construction of a Sierpinski carpet or sponge is regarded as a critical phenomenon analogous to uncorrelated percolation. Critical exponents are derived or calculated that are related by equations identical to those obtained from percolation theory. Finite-size scaling then gives accurate values for the conductivity of the carpet or sponge at any stage of iteration.
INTRODUCTION
The "classic" Sierpinski carpet [1] is a recursive, selfsimilar fractal embedded in two-dimensional Euclidean space. The generator is shown in Fig. 1 (the center square is removed, leaving the surrounding eight squares); the carpet after the third iteration is shown in Fig. 2 . This center-hole (3, 1) Sierpinski carpet has Hausdorff (fractal) dimension H = With each iteration one-ninth of the mass is removed while the carpet remains self-similar. The correlation length ξ for this system is the length of the carpet, and so increases to infinity-when measured by the size h i of the smallest hole-as the number i of iterations goes to infinity. Thus the iterative construction of this recursive, self-similar fractal resembles the approach to a percolation threshold.
In this paper, relations between critical exponents are derived that are identical to those characterizing uncorrelated percolation. This suggests the term "recursion The following section briefly describes the Walker Diffusion Method by which the analytical and numerical results are obtained. Subsequent sections consider the 2D Sierpinski carpet and the 3D Sierpinski sponge, and present numerical methods and results.
II. WALKER DIFFUSION METHOD
The WDM was developed to calculate effective transport coefficients (e.g., conductivity) of composite materials and systems [2, 3] . This method exploits the isomorphism between the transport equations and the diffusion equation for a collection of non-interacting walkers (hence the name). Accordingly, the phase domains in a composite correspond to distinct populations of walkers, where the walker density of a population is given by the value of the transport coefficient of the corresponding phase domain. The principle of detailed balance ensures that the population densities are maintained, and provides the following rule for walker diffusion over a digitized (pixelated) composite: a walker at site (or pixel) i attempts a move to a randomly chosen adjacent site j during the time interval τ = (4d) −1 , where d is the Euclidean dimension of the space; this move is success-
ful with probability p ij = σ j /(σ i + σ j ), where σ i and σ j are the transport coefficients for the phases comprising sites i and j, respectively. The path of the walker thus reflects the composition and morphology of the domains that are encountered, and may be described by a diffusion coefficient D w that is related to the effective transport coefficient σ by
where σ(r) is the volume average of the constituent transport coefficients. The diffusion coefficient D w is calculated from the equation
where the set {R} of walker displacements, each occurring over the time interval t, comprises a Gaussian distribution that must necessarily be centered well beyond ξ. (For practical purposes, the correlation length ξ is the length scale above which the "effective", or macroscopic, value of a transport property is obtained.) For displacements R < ξ, the walker diffusion is anomalous rather than Gaussian due to the heterogeneity of the composite at length scales less than ξ. There is, however, an additional characteristic length ξ 0 < ξ below which the composite is effectively homogeneous; this may correspond, for example, to the average phase domain size. A walker displacement of ξ requiring a travel time t ξ = ξ 2 /(2dD w ) is then comprised of (ξ/ξ 0 ) dw segments of length ξ 0 , each requiring a travel time of t 0 = ξ 2 0 /(2dD 0 ), where D 0 is the walker diffusion coefficient calculated from displacements R < ξ 0 . Setting
between the walker diffusion coefficient D w , the fractal dimension d w of the walker path, and the correlation length ξ.
[This description of the WDM is sufficient for the purposes of this paper. In general, however, a heterogenous material is multifractal-meaning that a set {d w (ξ 0 )}, or a continuum, of walker path dimensions characterize the anomalous regime (that is, the length scales less than ξ).]
III. RECURSION PERCOLATION
For convenience the Sierpinski carpet at iteration i is denoted by S i . Further, all lengths, areas, and volumes are in units of the smallest hole h i , which is the size of a pixel or voxel (so h i has length/area/volume equal to 1).
With each iteration i, the areal fraction of S i that is conducting (i.e., not lost to cut-outs) decreases according to a i = 8 9 i , while the correlation length increases according to ξ (i) = 3 i h i = 3 i . These two equalities can be written ln a i = i ln(8/9) and ln ξ (i) = i ln 3, respectively, which produce the power-law relation
with the exponent ν = ln 3/ ln(9/8) = (2−H) −1 . This result makes the case that recursive construction of the Sierpinski carpet is a percolation-like phenomenon [4] . Of course, the "percolation threshold" is approached as iteration i → ∞, where a ∞ = 0.
According to Eq. (1), the effective conductivity of S i is
where a i is the areal fraction of the carpet that is conducting, and σ 1 is the conductivity of that material. As the Sierpinski carpet is self-similar, use of Eqs. (3) and (4) gives
where the constant κ ≡ ξ
w is the fractal dimension of the walker path over S i ; and the conductivity exponent t = 1+ν(d * w −2). Then combining Eqs. (4) and (6) produces the asymptotic relation
giving the finite-size scaling relation
i . The formalism above is straightforwardly applied to the Sierpinski sponge as well. In that case, v i is the volume fraction of the sponge S i that is conducting. As the
ln 3 , the exponent ν = (3−H) −1 . All exponent relations (though not exponent values) are identical to those derived above for the Sierpinski carpet.
These exponent relations are recognizable from standard percolation theory [5] . In particular, the latter gives
, where D is the fractal dimension of the incipient infinite cluster of conducting sites, and the exponent β is less than 1, reflecting the fact that conductor sites not belonging to the incipient cluster cannot contribute to the conductivity of the percolating system. In contrast, the Sierpinski carpet and sponge do not have such "stranded" conductor sites (thus the "percolation thresholds" a ∞ = 0 and v ∞ = 0).
It is interesting to consider the two-component Sierpinski carpet (denoted by R i ), where the areal fraction a i has conductivity σ 1 and the areal fraction (1 − a i ) has lesser conductivity σ 2 . According to Eq. (1), the effective conductivity is
for 0 < r < 1, where r ≡ σ 2 /σ 1 . It is important to note that while R i is not a fractal (rather it is a heterogeneous two-dimensional object), it is self-similar (meaning that upon magnification a part looks the same as the whole). Thus the correlation length ξ (i) is given by Eq. (4) (so ξ → ∞ as iteration i → ∞), while the walker path over the anomalous regime is multifractal.
Combining Eqs. (4) and (9) gives the relation Again, this formalism carries over to the twocomponent Sierpinski sponge.
IV. NUMERICAL METHODS AND RESULTS
Of most interest is the value of the walker path dimension d * w for walks over S ∞ . For a fractal system, the equivalent of Eq. (3) is
This can be expressed in terms of the computable variable R(t) 2 :
which simplifies to
Thus the WDM calculations for S ∞ will give points (ln t, ln R(t) 2 ) that fit the line
from which the values d * w and κ can be obtained.
This approach can give very accurate results when calculated points (ln t, ln R(t)
2 ) in the anomalous regime are far from the Gaussian regimes R < ξ 0 and R > ξ (of course ξ = ∞ in the case of S ∞ ). This condition is necessary since the probability distribution P [R(t)] for walk time t 0 < t < t ξ , while centered in the anomalous regime, may extend into one or both Gaussian regimes.
[Thus caution is in order when walkers are confined to S i . In that circumstance the distribution P [R(t)] (from which the average value R(t) 2 is obtained) may be distorted for large walk times t.]
Fortunately, the recursive nature of the Sierpinski carpet allows a simpler, less problematic approach to calculating the value of the walker path dimension d * w . In this case Eq. (3) is written D
w which leads to the equation
or more conveniently,
where D (2) w and D (3) w are the walker diffusion coefficients obtained from very long walks (t ≫ t ξ for ξ = 3 i ) over infinite arrays of S 2 and S 3 carpets, respectively. (In practice, single S 2 and S 3 carpets with periodic boundary conditions are used.) Calculated points (ln t, ln R(t)
2 ) for t sufficiently larger than t ξ lie on a line of slope 1 and y-intercept ln(2dD 
2 /2dt with increasing walk time t > t ξ .
The S 2 and S 3 carpets and sponges are created using the subroutine given in Appendix A. Note that in both cases the smallest hole is the size of a single site (pixel or voxel).
Walks over the carpet or sponge are accomplished by use of the variable residence time algorithm [2] , described in Appendix B. The algorithm takes advantage of the statistical nature of the diffusion process to eliminate unsuccessful attempts by the walker to move to a neighboring site. Figures 3 and 4 show the decline in calculated D 
w (t) values calculated from walks of time t over the periodic S2 Sierpinski carpet. The horizontal line indicates the limit value D 
, where R(t) 2 is the average of all walks of time t (that is, the average of all sequences). In every case the number of sequences is sufficient that an additional sequence would change the average value R(t)
2 by only an insignificant amount (less than the point size in the figures).
Similar calculations were performed for the periodic S 2 and S 3 sponges (that is, 35 or more sequences of 10 6 walks of time t > t ξ in each case).
All calculated values are presented in Table I . The uncertainties in the values [for example, 1.234(5) indicates the range 1.229 to 1.239, centered on 1.234] reflect the uncertainties in the calculated R(t) 2 values. The latter are considered to be twice the standard deviation of a distribution that is the change in the R(t) 2 value when an additional sequence of 10 6 walks is included. A number of papers report calculations (and in one 
V. CONCLUDING REMARKS
Iterative construction of the classic Sierpinski carpet and sponge is shown to be a critical phenomenon akin to percolation. This enables the derivation of finite-size scaling relations giving the conductivity σ (i) of S i . The critical exponent d * w , which is the fractal dimension of the walker path over S ∞ , is calculated, and compared with values reported in the literature.
Note, finally, that this work is a straightforward application of the WDM. Possibly it could be duplicated for other recursive fractals.
